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ON PURELY INSEPARABLE ALGEBRAS AND P.H.D. RINGS
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SHIZUKA SATO

Abstract. M. E. Sweedler has considered purely inseparable algebras over rings.

We define a stronger notion for purely inseparable algebras over rings and we

study the fundamental properties of purely inseparable algebras. Moreover, we

consider the relations between purely inseparable algebras and P.H.D. rings.

Introduction. Let F be a commutative ring with 1 and let F be a F-algebra. M. E.

Sweedler has said that F is a purely inseparable F-algebra if the multiplication

map yR: R ®K R -* R gives an F ®^ F-module projective cover of F [8]. But we

shall define in this paper a purely inseparable F-algebra as follows. F is a purely

inseparable F-algebra if there exists at most one F-algebra homomorphism of F

into any reduced F-algebra. Our notion is stronger than the notion of M. E.

Sweedler. But if F is a field, then both notions are identical.

In § 1 we shall show R is a purely inseparable F-algebra if and only if ker yR is a

nil ideal. This implies the fundamental properties of purely inseparable F-algebras.

Let F be a commutative ring of characteristic p > 0 and let @ be the set of prime

ideals p of F such that pR ^ F. Suppose F is a flat F-module. Then F is a purely

inseparable F-algebra if and only if, for every t)6®, there exists a multiplicatively

closed subset S of K• lR satisfying 5 n plR = 0 and, for every x E R, we have

axp" E K ■ lR for some integer n and for some element a E K such that a ■ lR E

S. Next we give a structure theorem for purely inseparable algebras of finite

exponent. Let F be a commutative ring of characteristic p > 0 and let F be a

purely inseparable F-algebra of finite exponent with the structure morphism <£. Let

Spec(F/F) = {p E Spec(K);<t>~x(pR) = p} and let \p he a mapping of Spec(F)

into Spec(F) such that ^CP) = <t>~\^) for ^ E Spec(F). Then >// is a bijection of

Spec(F) onto Spec(F/F). Moreover, if F is F-projective, then we have (1)

Spec(F) = Spec(F/F) and (2) F is a faithfully flat F-module.

In §2 we introduce a notion of P.H.D. rings. We shall say that a F-algebra F is a

P.H.D. ring over F with respect to an F-module M if Hom^F, M) is filled with all

the high order derivations of F into M. A F-algebra F is called a P.H.D. ring over

F if F is a P.H.D. ring over F with respect to all F-modules. The case in which F

is a field was investigated in [6]. In this paper we shall delete the assumption F is a

field. The following are equivalent. (1) F is a P.H.D. ring over F. (2) F is a P.H.D.
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ring over F with respect to F ®K R. (3) (ker yR)n = 0 for some integer n. (4) For

any F-algebra T and any F-algebra homomorphisms ux, u2 of F into T, there exists

an integer n such that

II (m,(x,-) — u2(x¡)) = 0   for any n-elements x( E R.
i=\

This implies the fundamental properties of P.H.D. rings over F. Suppose F is a

projective F-module. If F is a P.H.D. ring over F with respect to F, then F is a

purely inseparable F-algebra. Moreover if F is a free F-module, then a P.H.D. ring

over F with respect to F is a P.H.D. ring over F. We shall give a structure theorem.

Suppose F is a finite flat F-module and suppose F is a P.H.D. ring over F with

respect to F with the structure homomorphism <£. Let ifbea mapping of Spec(F)

into Spec(F) such that «//($) = <r>~'0P) for <£ G Spec(F). Then it holds that (1) t// is

bijective, and (2) F is a faithfully flat F-module.

In what follows all rings and algebras are commutative with identities, and all

modules and all homomorphisms are unitary.

1. Purely inseparable F-algebras.

Definition 1. Let F be a commutative ring and let F be a F-algebra. It is said

that F is a purely inseparable F-algebra if there exists at most one F-algebra

homomorphism of F into any reduced F-algebra.

Say <f>¡: R -^ S are F-algebra homomorphisms for i = 1,2 where F is a purely

inseparable F-algebra and 5 is a F-algebra. Let N he the ideal of all nilpotent

elements of 5 and -n: S —> S/N. Then v • <f>, = vr • <j>2 since S/N is reduced. Hence,

for all r E R: </>,(/•) - <|>2(r) is nilpotent.

Let F be a commutative ring and let F be a F-algebra. Let IR/K denote the

kernel of the multiplication map yR: R (8)^ F —» F.

Theorem I. Let K be a commutative ring and let R be a K-algebra. R is a purely

inseparable K-algebra if and only if IRiK is a nil ideal.

Proof. Assume F is a purely inseparable F-algebra. Let ux, u2 he F-algebra

homomorphisms of F into F ®K R such that uxix) = x ® lR, m2(x) = lR ® x.

Then for all x E R: m,(x) — m2(x) is nilpotent. Therefore, (x ® 1Ä — lR ® x) is

nilpotent and thus IR/K is a nil ideal. Conversely, assume IR/K is a nil ideal and F

is not a purely inseparable F-algebra. Then there exist a reduced F-algebra T and

distinct F-algebra homomorphisms ux, u2 of F into T. Then there is an element

x0 e F such that w,(x0) ^ u2(x0). Consider a F-linear mapping ux <8> u2 of F <2>K R

into T defined by («, ® u2)(x ®y) = w,(x)M2(y). Then ux <8> u2 is a F-algebra

homomorphism. Since IR/K is a nil ideal, there is an integer m such that

(x0 ® lR - lR ® xor = 0.

Thus we have

0 = (ux <8> u2)[(x0 ® lR - lR <g> x0)m] = (w,(x0) - «2(x0))m.

Since T is reduced, this is a contradiction. Therefore, F is a purely inseparable

F-algebra.    Q.E.D.
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Our notion is stronger than that of M. E. Sweedler. But when F is a field, both

notions are identical by Theorem 11 in [8].

Proposition 1. Let K be a commutative ring and let R, S be K-algebras. Then we

have the following:

(a) If R is a purely inseparable K-algebra and S —> F is a K-algebra homomor-

phism, then R is a purely inseparable S-algebra.

(b) // F is a purely inseparable K-algebra, then R ®K S is a purely inseparable

S-algebra.

(c) If R and S are purely inseparable K-algebras, then R ®K S is a purely

inseparable K-algebra.

Proof, (a) is easily seen from Definition 1.

(b) Let F be a reduced 5-algebra and let ux, u2 he 5-algebra homomorphisms of

F ®K S into T. Since F is a purely inseparable F-algebra, we have w,(x <8> ls) =

u2(x ® ls) for all x E R. For any y E S we have

ux(x®y) - u2(x ®y) = (ux(x ® \s) - u2(x ® ls))y = 0

and therefore, R ® K S is a purely inseparable 5-algebra.

(c) Let F be a reduced F-algebra and let ux, u2 he F-algebra homomorphisms of

F ®K S into T. Since F, S are purely inseparable F-algebras, it follows that

«,(x ® ls) = h2(x ® ls) [resp. ux(lR <8> y) = u2(lR ® y)] for any x E R [resp.

y E S]. Thus we have «, = u2 and hence F <8K S is a purely inseparable F-alge-

bra.    Q.E.D.

Proposition 2. Let K be a commutative ring and let R, R' be K-algebras where it:

R —» F' is a surjective map of K-algebras. If R is a purely inseparable K-algebra then

R' is a purely inseparable K-algebra. If ker it is a nil ideal, then the converse is true.

Proof. Let T he a reduced F-algebra. Consider the commutative diagram:

Let ux, u2 he F-algebra homomorphisms of F' into T. Since F is a purely

inseparable F-algebra, we have uxir(x) = u2tt(x) for all x G F. Since it is surjec-

tive, F' is a purely inseparable F-algebra. Let us prove the converse under the

assumption that ker it is nil. Consider the commutative exact diagram:

0

0

lR/K

I
Ir'/k

1
0

R®KR

R' ®KR'

I
0

F

4
F'

I
0

4    0

->    0.
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Let 2 x, ® y, £ F,/A:. Then by assumption we have [(tt ® tt)(I, x, ® y,)]" = 0 and

hence [S(x, ® y,)]" G keri> ® 77). Since ker 77 is a nil ideal, 2 x, ® y, is nilpotent

and hence F is a purely inseparable F-algebra by Theorem 1.   Q.E.D.

Corollary. Let K be a commutative ring and let R be a K-algebra. If R is a

purely inseparable K-algebra and Wl is a maximal ideal of K such that 3JÎF ^ F, then

R/WIR is a quasi-local ring.

Proof. By Proposition 2, R/ÏÏIR is a purely inseparable F-algebra. Hence

F/SDÎF is a purely inseparable F/9Jc-algebra by Proposition 1 (a). Since F/2R is a

field, R/MRR is a quasi-local ring by Theorem 11 in [8].    Q.E.D.

Proposition 3. Let K be a commutative ring and let R be a K-algebra. Then the

following are equivalent.

(1) F is a purely inseparable K-algebra.

(2) For any maximal ideal Wl of K, Rs = R <g)K Ks is a purely inseparable

Ks-algebra (S = K - W).

(3) For any prime ideal p of K, Rs = F ® K Ks is a purely inseparable Ks-algebra

(S= K- p).

Proof. Since Ks is F-flat, we have IRs/Ks = S~XIR/K. Thus we have (l)-»(2),

(1) —► (3) by Theorem 1. Evidently (3) -h> (2). Thus it is sufficient to show (2) -» (1).

For every x E R let us set 2IX = {s E K: s(lR ® x - x ® 1Ä)" = 0 for some

integer n}. Then 3IX is an ideal of F. Suppose %x =£ K. Then there is a maximal

ideal Tt of F containing 3lx. By assumption Rs is a purely inseparable Fs-algebra

(S = F — 3R) and hence by Theorem 1, there is an integer n such that

(lR ® x - x® lR)n =0

in Rs ®Ks Rs. It follows s(lR ® x - x ® lR)n = 0 in F ®* F for some s E S.

This shows s E %x and this is a contradiction. Therefore, 2tx = F and F is a purely

inseparable F-algebra by Theorem 1.    Q.E.D.

Proposition 4 (Transitivity). Let K be a commutative ring. Let L, R be

K-algebras and let u: L —» F be a K-algebra homomorphism making R a purely

inseparable L-algebra. If L is a purely inseparable K-algebra, then R is a purely

inseparable K-algebra.

Proof. For each element x G IR/K there is an integer n satisfying v(x)" = 0

where v is the canonical mapping of F ® K R into F ®£ R. Since v is a ring

homomorphism, we have v(x") = 0 and hence x" E ker v— IL/K(R ®* F).

Therefore, x is nilpotent and hence F is a purely inseparable F-algebra by

Theorem 1.    Q.E.D.

Corollary. Let K be a commutative ring and let R be a K-algebra. Let QiK),

2(F) be the total quotient rings of K, R respectively. If R is a purely inseparable

K-algebra, then QiR) is a purely inseparable QiK)-algebra.

Proof. QiR) is a purely inseparable F-algebra. Thus by Proposition 4, QiR) is a

purely inseparable F-algebra and QiR) is a purely inseparable ß(F)-algebra by

Proposition 1(a).    Q.E.D.
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Definition 2. Let F be a commutative ring and let F be a F-algebra. We say F

is F-epimorphic if for every F-algebra T and for every F-algebra homomorphisms

«,, u2 of F into F the relation m,<|> = u2<f> always implies ux = u2 where <j> is the

structure homomorphism of F (cf. [7]).

By Proposition 3 in [7], F is F-epimorphic if and only if we have 1 ® x = x ® 1

in F ®K R for all x G F.

Theorem 2. Let K be a commutative ring and let R be a K-algebra. R is

K-epimorphic if and only if R is a separable and purely inseparable K-algebra.

Proof. The if part is obvious from Corollary 7(a) in [8]. Conversely, assume F is

F-epimorphic. It is sufficient to show F is a separable F-algebra. By the rule

ia ® b)x = abx for a, b, x E F, we can make F an F ®A- F-module. Then yR is

an F ®x F-homomorphism of F <8>K R onto F. Since F is F-epimorphic, yR is

bijective. Hence yR is an F ®K F-isomorphism and therefore, F is a free F ®A- F-

module. Thus F is a separable F-algebra.    Q.E.D.

Corollary (Transitivity). Let K be a commutative ring. Let L be a K-algebra

and let R be an L-algebra. If L is K-epimorphic and R is L-epimorphic, then R is

K-epimorphic.

Theorem 3. Let K be a commutative ring of characteristic p > 0 and let R be a

K-algebra with the structure homomorphism <b. Let @ be the set of prime ideals p of K

such that pR ¥= F. Suppose R is K-flat. Then R is a purely inseparable K-algebra if

and only if, for every p G @, there exists a multiplicatively closed subset S of 4>iK)

such that il) S n <í>(t>) = 0 and (2) for every x G F, we have axp" G ^K) for some

integer n and for some element a E K satisfying <p{a) E S. Moreover, R is a purely

inseparable K-algebra if there exists an integer n such that xp E QiK) ■ lR for every

element x E R.

Proof. Assume F is a purely inseparable F-algebra. Let p he any element of @

and let x be any element of F. Then by Theorem 1 we have (x ® lR — lR ® xf"

= 0 for some integer n. By the famous lemma of Bourbaki [2, §2, Proposition 13]

there exist elements a}i E K and xy G F such that

ajX- lR + aJ2xp" = 0    for ally, (1)

xp" = 2 XjüjX,        -lR = 2 XjOj2. (2)

Let p he a prime ideal of F containing <f>(t>) and let f = F - £. Put S = <K<Í> " '( F)).

Then from the second formula in (2), there is an integer j0 such that «K^,^ G p.

With a = ajg2 formula (1) shows that a, S are as required. Let us prove the

converse. Assume F is not a purely inseparable F-algebra. Then there exist a

reduced F-algebra T and distinct F-algebra homomorphisms ux, u2 of F into T. Let

x0 be an element of F satisfying uxix0) ¥= «2(x0). Let us set 3Í = {s E K;suxix0) =

su2ix0)}. Then 31 is an ideal of F and 31F =£ F. Hence there is a prime ideal p of F

containing 3IF. Since <¡>~xiP)R ¥= R, by assumption there exists a multiplicatively

closed subset S of <i>(F) such that S n <K<r>-1(5)) = 0- Moreover, there exist an

element a G F and an integer n such that <¡>(a) G S, axg" E <¡>iK). Thus we have
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ux(axfi") = u2(ax^"). Since T is reduced, it holds that aux(x0) = au2(x0) and a E 31.

This implies <f>(a) E p. This is a contradiction. Therefore, F is a purely inseparable

F-algebra. We prove the last assertion. Since F is a flat F-module, we have an

exact sequence:

0 -► R ®K R -> Q(K) ®K R ®K R.

By assumption we have xp" ® lR - lR ® xp" = 0 in Q(F) ®K R ®K R and hence

in F ®A: F. Therefore, F is a purely inseparable F-algebra by Theorem 1.    Q.E.D.

The last assertion of Theorem 3 is not necessarily true if F is not F-flat. We shall

give an example.

Example 1. Let F be a local domain of characteristic 2 and let F = F © Fx

where x2 = x and ax = 0 for any noninvertible element a of F. Then x = 0 in

Q(K)R, but R is not a purely inseparable F-algebra.

Remark. Let F be a commutative ring of characteristic p > 0 and let F be a

F-algebra with the structure homomorphism <i>. Let p he a prime ideal of F. If there

exists a multiplicatively closed subset 5 of <i>(F) satisfying 5 n <¡>(P) = 0 such that

for every x G F we have txp" E <¡>(K) for some <J>(i) G S and for some integer n,

then we have pR ¥= F. For, suppose pR = R; then there exist elements a¡ G p and

x, G F such that 1Ä = 2 a¡x¡. By assumption we have ttxf" E <i>(F) for some

integer n and for some elements /, G F satisfying </>(/,) G S. Thus we have

•KÏÏ*,)-2 <tn'/H*'" ̂
and this is a contradiction. Therefore we have pR ¥= R.

Corollary 1. Let K be a commutative ring of characteristic p > 0 and let R be a

K-algebra. Suppose K is a quasi-local ring with the maximal ideal 3JÎ such that

TIR =£ F and R is K-flat. Then if R is a purely inseparable K-algebra, then any

sub-K-algebra L of R is a purely inseparable K-algebra and quasi-local ring.

Proof. Apply Theorem 3 for the maximal ideal Wl. Then S in Theorem 3 is a set

of units in <¡>(K). Thus for any x G F, we have xp" G <¡>(K) for some integer n and

hence Lisa purely inseparable F-algebra by Theorem 1. Moreover, it is trivial that

the radical of <b(ïïl) in L is the maximal ideal of L. Therefore, L is a quasi-local

ring.    Q.E.D.

Corollary 2. Let K be a commutative ring of characteristic p > 0 and let R be a

K-algebra with the structure homomorphism <f>. Suppose R is a flat K-module. Then

the following are equivalent.

(1) F is purely inseparable and faithfully flat.

(2) For every prime ideal p of K, there exists a multiplicatively closed subset S of

<f>(F) satisfying S n <f>(P) = 0 such that for any element x G F, we have txp" E

<b(K)for some integer n and for some element t E K satisfying <b(t) E S.

(3) For every element x E R, there exists an integer n such that xp" G <S>(K).

Proof. Since F is faithfully flat, we have SSRR =£ R for all maximal ideals 33c of

F. Therefore, the implication (1)—>(2) follows from Theorem 3. The converse
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(2)-»(l) follows from Theorem 3 and Remark. (3)—>(2) is trivial. Let us prove

(2) -» (3). Let x be any element of F and let 3tx = {s G F: sxp" E <^K) for some

integer n}. Suppose 31^ =£ F. Then 3tx is an ideal of F and hence there is a prime

ideal p containing 3lx. By assumption there exists an element t E K — 31 x such that

txp" E <f>(F) for some integer n. This is a contradiction. Therefore 21^ = F and (2)

implies (3).    Q.E.D.

Let F be a commutative ring of characteristic p > 0 and let F be a purely

inseparable F-algebra. If there exists an integer n such that xp" ® lR — lR ® xp"

= 0 for all elements x E R, then we shall call F a finite exponent n over K. We

shall give a structure theorem for purely inseparable F-algebras of finite exponent.

Lemma 1. Let K be a commutative ring of characteristic p > 0 and let R be a

purely inseparable K-algebra of finite exponent n. Let tin) be the Kp"-torsion

submodule of Rp" and let t be the K-torsion submodule of R where Rp" = {x''";x G

R}. If K is a domain, then we have (1) t(n) = Rp" or t(n) is a prime ideal of Rp", (2)

v7 = V t(n) where V t(n) , v7 are radicals of t(n) and t in R respectively, and (3)

v7 = F or v7  is a prime ideal of R.

Proof. When there is an element a G F such that a ■ 1R = 0, we have t(n) =

Rp" and t = R. Suppose a ■ lR =£ 0 for any element a G F; then Q(K) is isomor-

phic to Q(K) ■ lR, and take these as identifications. (1) Let/be a mapping of Rp"

into F <8>K Q(K) such that fixp") = xp" ® 1. Since the center of the tensor algebra

TQiK)iR ®k QiK)) i« QiK) and TQ(K)ip ®k QiK)) - TK(R) ® Q(K), it holds

thatf(xp") E Q(K) by assumption. Since Q(K) is a field, ker /is a prime ideal. We

have

xp   G ker/    <í=>     there exists a nonzero element

r G F such that r' x"  = 0 in F

<=>     x"   E t(n).

Hence t(n) = ker /is a prime ideal of Rp". Let us prove V t(n) is a prime ideal of

F. Let xy G V?(n) , x G Vf(") for x,y G F. Then we have (xp")m(yp")m E '(")

for some integer m. Since /(n) is a prime ideal of Rp", we have (yp")m G t(n) and

hence ^ft(n) is a prime ideal of F. To show V7 = V'(n) ** is sufficient to prove

t E vtinj since V'(«) is a prime ideal of F. Let x G /. Then we have s'x = 0

for some element s' E K, s' ¥= 0. Since F is a domain, we have s'p" ¥= 0 and

s'""xp" = 0. Thus x G Vt(n)   and this shows V~t = V/(") •    Q.E.D.

Lemma 2. Under the same assumptions and notations as in Lemma 1, v7 ¿S the

unique maximal element in the set of ideals 31 of R such that Q(K)"ñ n Q(K) • lR =

0.

Proof. When there is an element a G F such that a ■ lR = 0, we have Q(K)R =

0 and v7 = R. In this case there is nothing to prove. Therefore, we may assume

KER. Then the condition Q(K)% n ß(*0 ■ lR = 0 is equivalent to 3t n F = 0.
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Let 3Í n F = 0. Then we have a commutative diagram:

F ®* Q(K)

I* ® l (m is the canonical surjection).

F/31 ®K Q(K)

As in Lemma 1, it holds f(Rp") E Q(K) and tt ® 1 is bijective on f(Rp"). Hence we

have 3F" c ker mf = ker(7r ® 1)/ = ker / = t(n) E Vt . Therefore, we have

31 çv7 by Lemma 1.    Q.E.D.

Theorem 4. Let K be a commutative ring of characteristic p > 0 and let R be a

K-algebra with the structure homomorphism <l¡>. Let Spec(F/F) = [p E

Spec(K); 4>x(pR) = p} and let \p be a mapping of Spec(F) into Spec(F) such that

<//(SB) = (£"'($) for SB G Spec(F). // F is a purely inseparable K-algebra of finite

exponent, then:

(1) \p is a bijection of Spec(Ä) onto Spec(F/F) and

(2) \p~x(p) = {x G R;axpm G pR for some element a G F - p and for some

integer m}.

Proof. It is trivial that Im \p E Spec(F/F). For any elemnt p of Spec(F/F),

R/pR is a purely inseparable F/p-algebra of finite exponent. Let t he the

F/b-torsion submodule of R/pR and let tt be the natural surjection of F onto

R/pR. Let

SB = {x G F; rxpl" E pR for some element r E K — p and for some integer m}.

Then we have SB = w_1(v7 ). Since p E Spec(F/F), we may k/p E R/pR. SB is a

prime ideal by Lemma 1 and i/^SB) = «^'OB) = f from k/p E R/pR. Hence \p is

surjective. Let SB' G Spec(F) and \p(W) = £• Then, for every element y G SB, we

have rxpm E SB' for some element r G F — p and for some integer m. From

</>(r) G SB', it holds y G SB' and hence SB E SB'. Let us prove the converse inclusion.

Let x G SB' and tt(x) E K/p. Then x G tt' x(K/p) = <£(K) + pR and hence we can

write x = <j>(a) + s, for a G F, 5 G pR E SB'. Therefore, <í>(a) G SB' and hence

tt(x) = 0. Thus we have w(SB') n K/p = 0. By Lemma 2,7r(SB') Ç v7 and hence we

have SB' E ir~x(\rt ) = SB. Therefore, \p is injective. This completes the proof.

Q.E.D.

Lemma 3. Let K be a commutative ring of characteristic p > 0 and let R be a

purely inseparable K-algebra affinité exponent with the structure homomorphism <b. If

R is a projective K-module, then we have Spec(F) = Spec(F/F).

Proof. Let p E Spec(F). Suppose <¡>~x(pR) =£ p. Then there is an element

x G <¡>~x(pR) - p. We can write <i>(x) = 2 a,x,, a, G p, x, G F. Since F ® Kp is a

projective F^-module, we have pKp(R ® Fp) ^ F ® Fp by [1, Proposition 2.7].

Thus we have xf E Kp • lR and hence xp" • lR E pKp • lR by Theorem 3. There-

fore, it holds xp" E pKp. On the other hand, x is a unit in Fp. This is a

contradiction.    Q.E.D.

Rp"

R'"/W
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We have the following theorem by Theorem 4 and Lemma 3.

Theorem 5. Let K be a commutative ring of characteristic p > 0 and let R be a

purely inseparable K-algebra of finite exponent with the structure homomorphism <f>. If

R is a projective K-module, then \p is a bijection of Spec(F) onto Spec(F) where

iPW) = <t>-xW)for%ESpec(R).

Theorem 6. Let K be a commutative ring of characteristic p > 0 and let R be a

purely inseparable K-algebra of finite exponent. If R is a projective K-module, then R

is a faithfully flat K-module.

Proof. It follows from Theorem 5 and [4, Theorem 4.D].    Q.E.D.

Theorem 7. Let K be a commutative ring of characteristic p > 0 and let R be a

finite flat K-module. If R is a purely inseparable K-algebra with the structure

homomorphism <b, then (1) Spec(F) = Spec(F/F), (2) \p is a bijection of Spec(F)

onto Spec(F) where i/,0B) = <f>~'(SB)/w SB G Spec(F), and (3) F is a faithfully flat

K-module.

Proof. Since F ® Kp is a finite F„-module, we have pKpiR ® Kp) ^ R ® F„

by Nakayama's Lemma. Therefore, (1) and (2) arc proved the same way as in

Lemma 3. Therefore, (3) follows from [4, Theorem 4.D].    Q.E.D.

2. P.H.D. rings. Let F be a commutative ring. Let F be a F-algebra and let M he

an F-module. A ^th order derivation D of F into M over F is defined as an

element of Hom^F, M) such that for any set of iq + l)-elements x0, x„ . . . , x

of F, we have an identity,

i

Z)(x0x, ■ ■ ■ Xq)= 2 (-!)'"'       2       *,, • • • •*,,£(*() ■ • • •*., • • • •*,, • ■ • xq).

^(F, M) denotes the derivation module of F into M over F [5].

The following theorem is seen in [3].

Theorem 8. Let K be a commutative ring. Let R be a K-algebra and let M be an

R-module. Then the following are equivalent.

(1) ^KiR, M) = Hom^F, M).

(2) Each element of Hom^F, M) which vanishes on K is a K-derivation of some

order.

(3) Each element of HomRiIR,K, M) vanishes on some power IRj^ of IR/K.

Definition 3. Let F be a commutative ring and let F be a F-algebra. F is called

a P.H.D. ring over F with respect to an F-module M if ^(F, M) =

Hom^F, M). R is called a P.H.D. ring over F if F is a P.H.D. ring over K with

respect to all Ä-modules M.

Example 2. Let F be a commutative ring and let 5 be a multiplicatively closed

subset of F. Then Ks is a P.H.D. ring over F.

Example 3. Let F = K[X] he a polynomial ring over a commutative ring F.

Then F is not a P.H.D. ring over F with respect to F.
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Theorem 9. Let K be a commutative ring and let R be a K-algebra. Then the

following are equivalent.

(1) F is a P.H.D. ring over K.

(2) F is a P.H.D. ring over K with respect to R ®K R.

(3) IR/K = Ofor some integer n.

(4) For any K-algebra T and for any K-algebra homomorphisms ux, u2 of R into T,

there exists an integer n such that W¡^xiuxix¡) — u2(x¡)) = 0 for any n-elements

x,, x2, . . . , xn E R.

Proof. (1) -* (2) and (3) -+ (1) are trivial. (2) -► (3) follows from 1 G

HomR(IR/K, R ®K R) and Theorem 8, [3]. Let us set T = F ®A- F and ux(x) = x

® 1, m2(x) = 1 ® x in (4). Then (4) implies (3). It remains to be shown that (3)

implies (4). Suppose (4) is not satisfied. Then there exist a F-algebra T and

F-algebra homomorphisms «,, u2 of F into T such that for any integer n it holds

that Il"_1(t/1(x,) — u2(x¡)) ¥= 0 for some elements x, of F. Let us define a mapping

w, ® «2 of R ®KR into F such that (m, ® u-^x ® 7) = w,(x)H2(y). Then ux ® «2

is a F-algebra homomorphism. Then since IR/K = 0 we have («, ® "^(^ä/a-) = 0-

On the other hand we have

0 = (ux ® «2)(II(x,. ® 1 - 1 ® x,)) = II («,(*,) - u2ix,)) * 0.

This is a contradiction. Hence the implication (3) —> (4) is good.    Q.E.D.

Remark. It is trivial that a P.H.D. ring over F is a purely inseparable F-algebra

of finite exponent.

Corollary. Let k be a commutative field of characteristic p > 0 and let K be a

field extension. If K is a P.H.D. ring over k, then K is finite over k.

Proof. Suppose F is not finite over k. Then, there exists a/j-basis {x,},e/ of F

over k such that / is an infinite set. Then we have II"_ x(x¡ ® 1 — 1 ® x() ^ 0 for

any integer n by [2, §2, Proposition 13]. This is a contradiction by Theorem 9.

Q.E.D.

Theorem 10. Let K be a commutative ring of characteristic p > 0. Let R be a

K-algebra and let S be a multiplicatively closed subset of K such that every element of

S is not a zero divisor of R. Then (1) F is a P.H.D. ring over K if and only if S~XR

is a P.H.D. ring over S ~ XK. (2) R is a P.H.D. ring over K with respect to R if S~XR

is a P.H.D. ring over S~XK with respect to S~XR. (3) If R is a finite K-module, then

the converse of (2) is true.

Proof. Since Is -¡R/s->K = S ~ XIR/K, the "only if" part is obvious. Conversely,

suppose Is-'r/s-'k = 0- Let {«,.} be a system of generators of F. For any element

2 t¡ ® v¡ E (IR/K)n we have 2 ti ® u, = 0 in Is~>r/s-'k> so mat there exists an

element í G S such that í(2 t¡ ® v¡) = 0 in IR/K. By the lemma of Bourbaki [2, §2,

Lemma 10], there exist elements ai} E K and a, G F (1 < / < m, 1 < / < ri) such

that

(a) 2 a0svj = 0 for all i.

(h) tj = 2 ava, for ally.
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Since s is not a zero divisor of F, (a) implies 2 a¡jVj = 0 and hence 2 t¡ ® v¡■ = 0 in

IR/K. Therefore, IR/K = 0.

This completes the proof of (1). Let us prove (2). For each element / G

HomR(IR,K, R), let us define a mapping/ G Homs¡R(S~xIR,K, S~XR) such that

fix/s) = (1/í)/(x) for i G S, x G IR/K. Then by assumption we have f(Ig-iR/s-iK)

= 0 for some integer n. Therefore, for any element x G IR/K there exist elements

s E S such that sfix) = 0 in F. Since s is not a zero divisor of F, we have/(x) = 0

in F. (3) Let/ G Homs-,K(S~xR, S'XR) with/(l) = 0. Since F is finite over F,

there exists an element 5 of F such that sf G Hom^(F, F). By assumption sf is a

high order derivation of F. Therefore, / is a high order derivation of S~XR.

Q.E.D.

Proposition 5. Let K be a commutative ring of characteristic p > 0. (1) Let R, R'

be K-algebras where <b: R -» F' is a surjective map of K-algebras. Then, if R is a

P.H.D. ring over K, R' is a P.H.D. ring over K. (2) Let R, S be K-algebras and

S —» F be a K-algebra homomorphism. Then, if R is a P.H.D. ring over K, R is a

P.H.D. ring over S.

Proof. (1) We consider the following commutative exact diagram.

0     -»     1r/k     -»      R®KR      -»     F     -h>    0

,L \ v

0    -»    V/K    -+    R'®KR'    -*    R'    ->    0

•i- ^ 4

0 0 0

Then, if /Ä/JC is nilpotent, /Ä/Ä is nilpotent. (2) is trivial from Theorem 9.    Q.E.D.

Theorem 11. Let K be a commutative ring of characteristic p > 0. Let S be a

K-algebra and let R be an S-algebra. Then, if S is a P.H.D. ring over K and R is a

P.H.D. ring over S, R is a P.H.D. ring over K.

Proof. We consider the following commutative exact diagram.

0     -»     h/K     ~»     s ®kS     -►     S     ->     0

J, ■i' •*

0   -*   Ir/k   -+r®kr^>r->o
I |„ i (v is the canonical map).

0     -*     Ir/s     ^F®sF-*F^0

i

0

By assumption we have Ig/K = 0, IR/S = 0 for some integer n. Since v is a ring

homomorphism, we have v(IR/K) = v(IR/K)n = IR/S = 0. Thus IR/K E ker v —

IS/K(R ®/fF) and hence IR/K is nilpotent. Thus F is a P.H.D. ring over F.

Q.E.D.
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Proposition 6. Let K be a commutative ring of characteristic p > 0. Let R be a

K-algebra and let 31 be an ideal of R. Suppose R is a projective K-module. Then, if R

is a P.H.D. ring over K with respect to R, F/31 is a P.H.D. ring over F/(3t n F)

with respect to F/3Í.

Proof. Let tt he the canonical mapping of F onto F/3Í and let/ be an element

of \lomK/^nK)(R/'ñ, F/31) such that/(TÄ) = Ö in F/31. Since F is F-projective,

there exists g G Hom^(F, F) such that mg = fir. Let g(lR) = a. Then ir(a) = 0 and

hence a E 31. By assumption g — a ■ lR is an nth order derivation of F for some

integer n. For any set of (n + l)-elements x0, x,, . . . , xn (x, G F) of F/31, we have

ir(g- a- lflXxoX, • • • xj

n

= 2 (-i)'"1    2    x>, • • • \*ig - « • i*)(*o • • • ■*., • ■ • \ ■ ■ ■ xn).
S=\ /[<■••   <is

Therefore, it holds

/(x0x, • • • xJ - a(x0x, • • ■ xj

n

= s (-i)*-1   s   *,, • • • v(*o • • • K " ' K ' " *«)
n

- 2 (-i)'"1    S    *,, • • • *,,«(*o • • • ■*,, • • • *,, • • • x„).
s=\ i| < • • •  <íj

Since ä = 0,/ is an nth order derivation of F/31.    Q.E.D.

It is trivial that if F is a P.H.D. ring over F, then F is a P.H.D. ring over F with

respect to F. The converse is true in the following case.

Theorem 12. Let K be a commutative ring of characteristic p > 0 and let R be a

K-algebra. Suppose R is a free K-module. Then, if F is a P.H.D. ring over K with

respect to R, F is a P.H.D. ring over K.

Proof. Let {y,}yey be a free base of F over F. Suppose F is not a P.H.D. ring

over F. Then we have IR/K ^ 0 for any integer n and hence there exists a nonzero

element zn in IR/K for every n. Let us fix {zn}. Since {yj}JeJ is a free basis of F,

every zn is represented by {yj}JeJ- The set of [yj)JSJ denoting {zn} is countable

and is totally ordered. Let us denote this set {x,}. Then it holds that

Ir/k = 2 Rixi ® 1 - 1 ® x,) © 5    (direct sum as F-modules).

Let |x,| denote the maximum of n such that x, is contained in the representation of

z„.(l) The case in which every |x,| is finite. Let

*1 - 2   anO)iXn(l) ®  1   -   1  ® X„(1)).

Then the set of zn containing at least one of {xn,X) ® .1 — 1 ® xn(1)}„(1)is finite.Thus

there is an integer Nx such that, for all n > Nx, z„ does not contain any of

i>*(.) ® 1 - 1 ® xnW}n(xy Let 0(1) = min n(l). Next let

zn, = S a„(Nl)(xn(N¡) ® 1 - 1 ® xn(Ni)).
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Since the set of z„ containing at least one of {x„(N¡) ® 1 — 1 ® x„,N ̂ }n,N > is finite,

there is an integer N2 such that, for all n > N2, zn does not contain any of

{xn(N¿ ® 1 - 1 ® xn(N¿}n(N¿. Let 0(2) = min n(Nx). Continuing this process, we

can obtain a sequence, 0(1), 0(2), .... Let us define a homomorphism of IR/K

into F such that

fixoo) ® 1 - 1 ® xo,0) = 1    for all i,

fix„ ® 1 - 1 ® xj = 0    for n * 0(/),

/(S) = 0.

Then f(IR/K) ¥= 0 for all integers n and, hence, F is not a P.H.D. ring over F with

respect to F. This is a contradiction. (2) The case in which at least one of |x,| is

infinite. Let us set |x,| = oo. Then we define a homomorphism of IR,K into F such

that

7(*i ® 1 - 1 ® xj = 1,

fix, ® 1 - 1 ® x,) = 0   for i # 1,

_/(S) = 0.

Then fiIR/K) ¥= 0 for all integers n and this is a contradiction. Therefore, F is a

P.H.D. ring over F.    Q.E.D.

Theorem 13. Let K be a commutative ring of characteristic p > 0 and let R be a

K-algebra. Suppose R is a projective K-module. If R is a P.H.D. ring over K with

respect to R, then R is a purely inseparable K-algebra.

Proof. Let F be a reduced F-algebra and let «,, u2 he F-algebra homomor-
T

phisms of F into F. Since Im(«, — u2) s R/RQ for some F-submodule F0 of F,

we obtain a diagram.

F

|t(u, - u2) (w: the canonical mapping).

F     i R/R0        -»     0

Since F is a F-projective, there exists a homomorphism g of F into F such that

irg = t(ux — u2). Let g(l) = a. Then a E F0. By assumption g — al is an nth

order derivation for some integer n. For an integer t with p' > n we have

(g — al)(x''') = 0 for any element x E R. Thus wg(x/') = 0 and hence

t(«, - w2)(x/'') = 0. Since t is bijective, we have (ux — u2)(xp) = 0 and hence

(m,(x) - u2(x)Y' = 0. Since F is reduced, we have ux = w2. Therefore, F is a purely

inseparable F-algebra.    Q.E.D.

The assumption "F is a projective F-module" in Proposition 6 and Theorem 13

is essential. Let us give an example.

Example 4. Let Z be the ring of integers and let X, Y and W he indeterminates.

Let us set F = (Z/2Z)[X, Y\XY) and F = K[W]/(XW - Y). Then (1) F is a

local domain with the maximal ideal SDÎ = (X, Y)K and F is a F-algebra injec-

tively containing F, (2) F is not F-projective, (3) F is not a purely inseparable

F-algebra and (4) F is a P.H.D. ring over F with respect to F. Because, for a G F
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a relation a • 1 = 0 in F implies a = (2f,0 ^W'^XW - Y) for a¡ E K, aN ^ 0.

From this equation, H7 is algebraic over F and this is a contradiction. Therefore we

have (1). Let us prove (2). Suppose F is F-projective. Since F is a local ring, F is a

free F-module. Let {/} be a free base of F and let W he the residue class of W.

We can write

i = y   a<   f.     iv = Y   bi  f,
^ 1 +aJr ^ 1 + ßJ'

for a,-, 6,., a, /? G iZ/2Z)[X, Y], a, ß E iX, Y\Z/2Z)[X, Y}. From the first

formula, in the set {a¡} there is an element a, such that a,o = 1 + / for / G

iX, Y)iZ/2Z)[X, Y]. Then from XW -7 = 0 it°holds that

xY    b'    f- - yy ——/ = 0.
^ 1 + ßJl ^ 1 + aJl

Since {/} is free, we have Xbjil + ß) = ra,/(l + a) for all i and especially

A7>,o/(l + ß)= YaJil + a). Therefore, we have Xil + a)bi<t = (1 + /?)(1 + t)Y

and so y = X(l + a)bÍQ - iß + t + ßt)Y. This shows X, Y are algebraic over

Z/2Z. This is a contradiction and (2) is proved. Next, suppose F is a purely

inseparable F-algebra. Then there is an integer n satisfying W2" ® 1 — 1 ® W2" =

0. By the lemma of Bourbaki [2, §2, Lemma 10], there are elements atJ E K and

Xj E R such that 2 a¡jW = 0 for ally, and 1 = 2 a2yXj. From the second formula,

in the set {a25} there exists at least one element having the form 1 + a, a G SUÎ

(say a2nj). Thus from the first formula, we have

72"

and hence

W = - Y au W - aW2
1*2"

W2" = - 2  a^W1 + 2 b^XVV - Y)' + aW2\
¡¥>2"

This shows that W is algebraic over F and this is a contradiction, which proves (3).

At last, we shall show f\on\R(lR¡K, F) = 0 and which shows (4). Let / be an

element of Won\R(IR/K, R) and let us set

f(W ® 1 - 1 ® W) =
1 + a

N

2(l+a,)g,.(y)H" + c
/-l

for c, a, a, G (Z/2Z)[X, Y], g^ G (Z/2Z)[ yj_and a, a¡ E (X, Y)(Z/2Z)[X, Y].

Suppose gN(Y) =£ 0. Since X'(W' ® 1 - 1 ® W') = 0, we have

0 = A"—-[ 2(i + c^MYW + c}.

Thus it holds that ( 1 + a¡)gji Y) W + c = 0 and hence we can write

— h(lV)
(i + a,)Ä(y)w« + c = f^jixw - y)

for some hiW) G (Z/2Z)[X, Y][W], ß E (X, Y)(Z/2Z)[X, Y]. This shows W is

algebraic over (Z/2Z)[X, Y] and this is a contradiction. Therefore, gN(Y) = 0 and
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hence fiW> ® 1 - 1 ® W') = c/(l + a). Since ftX'iW ® 1 - 1 ® W')] = 0, we

have c = 0 and / = 0. This shows HomR(IR/K, R) = 0. This completes the proof.

Q.E.D.

Corollary (Y. Nakai [6]). Let K be a commutative ring of characteristic p > 0

and let R be a K-algebra. Suppose K is a field. If R is a P.H.D. ring over K with

respect to R, then we have the following.

(1) F is a purely inseparable K-algebra.

(2) R is a quasi-local ring.

(3) The maximal ideal Wl of R is nilpotent.

(4) The residue field R/Wl is a finite extension of K.

Proof. (1) follows from Theorem 13 and thus (2) follows from Proposition 2,

Corollary. By Theorem 12, F is a P.H.D. ring over F and hence F/SDÎ is a P.H.D.

ring over F by Proposition 5. Therefore, (4) follows from Theorem 9, Corollary.

Since 1PR/K — 0, we have x,x2 • ■ • xpn = 0 (for any x,, x2, . . ., xp, E ST?) by [2, §2,

Proposition 13]. Therefore, (3) is proved.    Q.E.D.

Let F be a commutative ring and let F be a F-algebra. A higher F-derivation

A = {1, Dx, D2, . . . , Dm} of rank m isa set of linear F-endomorphisms of F into

itself satisfying the conditions

n

Dn(xy) = S AWA-A»        in < m) where D0 = 1.
/=o

Proposition 7. Let K be a commutative ring of characteristic p > 0 and let R be a

K-algebra. Let A = {/),} be a higher K-derivation of infinite rank of R. If R is a

P.H.D. ring over K, then Im D¡ is nil for every i.

Proof. Let us set <b = 2 T'D¡ where F° = 1, D0 = 1. Then $ is a ring homo-

morphism of F into R[[T]]. Since ($ - 1)(1) = 0, it follows that $ - 1 is a high

order (for example nth order) derivation of F into F[[F]] by assumption. For

p' > n, we have (4> — l)(xp) = 0 for any element x of R. Thus it holds that

0 = (<D - l)(x'') = Dx(xY'tp' + D2(xY'T2p' +_

Therefore, we have D,(xY' = 0 for all i.   Q.E.D.

We shall give a structure theorem for a finite flat P.H.D. ring F over F with

respect to F.

Theorem 14. Let K be a commutative ring of characteristic p > 0 and let R be a

finite flat K-module. If R is a P.H.D. ring over K with respect to R with the structure

homomorphism <p, then (1) xp is bifective, (2) xp~x(p) = {x G R;sxp" G pR for some

s E K - p and for some integer n) where xp(%) = <b~x($)for SB G Spec(F), and (3)

R is a faithfully flat K-module.

Proof. Let p G Spec(F). Then F ® Kp is a finite flat F„-module and hence

F ® Kp is a free F„-module by a well-known theorem. Thus F ® Kp is a P.H.D.

ring over Kp by Theorem 12. Therefore, by Theorem 10 F is a P.H.D. ring over F

and hence we complete the proof by Theorem 7.    Q.E.D.
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